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Exercise 1. (Revisit) Let x(t) be a solution of the IVP

x ′′ = 2x− 4x3, x(0) = 1, x ′(0) = 0.

Is it true that x(t) is a periodic function? Draw the phase diagram of the system{
x ′ = y

y ′ = 2x− 4x3

Exercise 2. (See Chapter 9.1 Exercise 6 and 19) Consider the following system of D.E.:[
x ′

y ′

]
=

[
2 −5
1 −2

] [
x

y

]
1. Find the eigenvalues of the matrix.

2. The trajectories of the system can be converted into the following equation:

dy

dx
=

dy/dt

dx/dt
=

x− 2y
2x− 5y

which is an exact D.E.

3. Solve the above exact D.E.:

x2 − 4xy+ 5y2 = C

where C is a constant. Conclude that the phase portrait is a family of ellipse.

Exercise 3. (See Chapter 9.3 Exercise 7) Consider the following system of D.E.:

dx

dt
= 1 − y

dy

dt
= x2 − y2
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1. Find all critical points.

2. Near each critical points, find the correspoonding linear systems.

3. Find the eigenvectors of all the linear systems and draw conclusions1 about the
nonlinear system.

Exercise 4. (See Chapter 9.7 Example 1) In this exercise, we will study the periodic
solution of the nonlinear D.E. Now consider the following system of D.E.:[

x ′

y ′

]
=

[
x+ y− x(x2 + y2)
−x+ y− y(x2 + y2)

]
1. Express dr

dt and dθ
dt in terms of dx

dt and dy
dt .

2. Show that r = 1 and θ = −t2

2 + θ0 is a periodic solution of this D.E.

3. Find the general solution.

4. Study the stability of this periodic solution.
1see theorem 9.3.2 in textbook
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